The extension space conjecture of oriented matroid theory claims that the space of all (non-zero, non-trivial, single-element) extensions of a realizable oriented matroid of rank r is homotopy equivalent to an (r ? 1)-sphere.
Introduction
The extension space conjecture is one of the central open questions in oriented matroid theory. It asserts that the extension space of any realizable oriented matroid M, with its natural poset topology, is homotopy equivalent to a sphere of dimension rank(M) ? 1. The conjecture was proved in rank three and in corank two by Sturmfels and Ziegler 15] , but the second edition of 4] (page 483) suggests that \there are substantial grounds for pessimism on this conjecture". This paper is one new reason for pessimism, since it contains the rst realizable oriented matroids which do not have the properties needed for the SturmfelsZiegler proof to work.
More precisely, Sturmfels and Ziegler introduced the class of strongly Euclidean oriented matroids. They proved that it contains all oriented matroids of rank at most three or corank at most two (and some others, such as the alternating oriented matroids) and they showed that the extension space of any strongly Euclidean oriented matroid has the appropriate homotopy type. In this paper we construct realizable but not strongly Euclidean oriented matroids of rank This research was partially supported by grant PB97{0358 of the Spanish Direcci on General de Enseñanza Superior e Investigaci on Cient ca. four (Section 3, Theorem 3.1) and of corank three (Section 4, Theorem 4.1).
The latter is the dual of the root system of type A 3 . Since the property of being strongly Euclidean is closed under taking contractions (Proposition 1.3), there is an in nite family of realizable and not-strongly Euclidean oriented matroids.
Our techniques to detect non-Euclideanness are based on the concept of lifting triangulations. The interest of this method is that we can (sometimes) check that an oriented matroid of rank r is non-Euclidean by looking at a triangulation of a point con guration of rank r ? 1, i.e. of dimension r ? 2. Details are given in Section 2. For example, part (b) of Figure 1 is a contraction of the oriented matroid RS (8) in which its non-Euclideanness can be seen. Our two examples are somehow based on this one. Section 1 contains some known facts concerning extensions and Euclideanness of oriented matroids, including the de nition of strong Euclideanness.
Our rst hope when devising these examples was that the non-Euclidean extensions constructed might not be in the same connected component as the realizable extensions, mimicking the behaviour in 9, Section 1]. Unfortunately this does not happen, as shown in Proposition 4.2, so we do not expect our realizable oriented matroids to have disconnected extension spaces.
The extension space conjecture is closely related to the Baues problem 11].
Given a polytope projection : P ! Q between two polytopes P and Q, the If P is a cube (and hence Q is a zonotope) then the Baues poset of consists of all zonotopal tilings of Q (see, e.g. 16] ). The GBP in this case is equivalent to the extension space conjecture, via the Bohne-Dress theorem on zonotopal tilings 4, 5, 7, 13, 16] . This theorem says that given a vector con guration V with oriented matroid M, there is a 1-to-1 order preserving bijection between the zonotopal tilings of the zonotope Z(V) generated by V and the extensions of the dual oriented matroid M .
Interesting in this context is the geometric approach to strong Euclideanness contained in 2]. Athanasiadis de nes stackability of a zonotopal tiling, which is related to Euclideanness of the corresponding extension of the dual oriented matroid, and strong stackability of a zonotope Z(V), which he proves equivalent to strong Euclideanness of the dual oriented matroid M . Among other things he shows that every zonotopal tiling of a strongly stackable zonotope is shellable. This suggests the possibility that the non-Euclidean extensions constructed in this paper correspond via the Bohne-Dress theorem to non-shellable zonotopal tilings (it is an open question whether non-shellable zonotopal tilings exist). In particular, the extension constructed in Theorem 4.1 has good chances to produce a non-shellable zonotopal tiling, since it produces a zonotopal tiling which is not stackable with respect to the direction of any of the generators of the zonotope. is also called the extension space of M. We will normally drop the attributes \single-element", \non-zero" and \non-trivial" from our exposition, since all our extensions will have these properties.
An oriented matroid program is any triple (M; g; f) where M is an oriented matroid on a ground set E and f; g 2 E are elements such that ff; gg has rank 2 both in M and in the dual M . (This is slightly more restrictive than 4, De nition 10.1.3], where g is only required to be a non-loop and f a non-coloop.
By requiring both to be neither loops nor coloops we only loose trivial cases and the de nition becomes symmetric in f and g). (ii) An The extension space conjecture asserts that in this result the condition strongly Euclidean can be replaced by realizable. The result is known to be false for non-realizable oriented matroids starting in rank 4: Two rank 4 oriented matroids with disconnected extension space appear in 9]. The smaller one has 19 elements and is based on a construction from 12]. In 6] this construction is improved to 16 elements.
Observe that a minor-minimal not-strongly-Euclidean oriented matroid M has the property that for every element g there is an extension M f such that the program (M f; g; f) is The adjacency graph of a triangulation T of A has as vertices the maximal simplices of T. Two maximal simplices ; 2 T form an edge if and only if they are adjacent, i.e. if \ is a simplex of codimension 1. For a xed element f 2 A it is natural to de ne the following orientations of edges in the graph:
The edge is directed if and only if the hyperplane spanned by \ does not contain f. In this case, the edge is directed \from f", i.e. it is directed from to if and only if f and n lie on the same side of the hyperplane spanned by \ .
We call this partially directed graph the adjacency graph of T directed from f and denote it G T ;f .
Lemma 2. is directed from X to Y by de nition, and the edge of G T ;f is directed from to . This nishes the proof of (i). Part (ii) is a trivial consequence of Proposition 1.1(i). Proof: Let M 0 denote the perturbed chirotope and suppose that it is not an oriented matroid. Then, the change of the sign of (x 1 ; x 2 ; x 3 ; : : : ; x r ) from zero to non-zero creates a violation of some 3-term Grassmann-Pl ucker relation in M 0 (see 4, Theorem 3.6.2]), i.e. there exist y 1 ; y 2 such that (y 1 ; x 2 ; x 3 ; : : : ; x r ) (x 1 ; y 2 ; x 3 ; : : : ; x r ) 0; (y 2 ; x 2 ; x 3 ; : : : ; x r ) (y 1 ; x 1 ; x 3 ; : : : ; x r ) 0; but (x 1 ; x 2 ; x 3 ; : : : ; x r ) (y 1 ; y 2 ; x 3 ; : : : ; x r ) < 0
In M, the third line equals zero and the Grassman-Pl ucker relations imply that the rst two lines cannot be both positive. Hence, one of y 1 or y 2 lies in the hyperplane spanned by C. We now perturb the point con guration A 0 by slightly rotating the triangles fa 1 ; a 2 ; a 3 g and fd 1 ; d 2 ; d 3 g in the way that creates the following twelve triangles in the boundary of the convex hull: fa i ; b i ; a i+1 g, fb i ; a i+1 ; b i+1 g, fd i ; c i ; d i+1 g, and fc i ; d i+1 ; c i+1 g, (i = 1; 2; 3 and indices are regarded modulo 3). Let A be the perturbed point con guration, whose oriented matroid we denote by M. 
2
The same idea, but with a lifting subdivision instead of a triangulation, can be used to prove that the non-uniform oriented matroid A 0 is not strongly Euclidean either. 4 A realizable but not strongly Euclidean oriented matroid of corank 3
Let A 3 be the root system of type A 3 , i.e. the rank three vector con guration consisting of the twelve vectors e i e j , with i; j 2 f1; 2; 3g and i 6 = j (e 1 , e 2 and e 3 denote the standard basis vectors in R   3 ).
We are interested in the dual A 3 of A 3 , whose realization is the vertex set of the Lawrence polytope over the rank three vector con guration fe 1 ; e 2 ; e 3 ; e 1 + e 2 ; e 1 +e 3 ; e 1 +e 2 +e 3 g (a complete quadrilateral in the terminology of projective geometry).
Theorem 4.1 The realizable corank three oriented matroid on twelve elements A 3 has an extension f such that for any g 2 A 3 the oriented matroid program (A 3 ; f; g) is not Euclidean. In particular, A 3 is not strongly Euclidean. By slightly moving the twelve elements of f A 3 into generic positions along the lines passing through them and o we can get one which is realizable. In the dual, the mutation of any of these bases corresponds to mutating bases containing o. 2
